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Abstract:

The main aim of this paper is to introduce a new class M P(a,u,4,AB) of p-valent and analytic function
f(z)=2" +z:°:lap+nz°*” and obtained the results of coefficient estimates, growth and distortion theorem, radii of close to
convexity, starlikeness and convexity, colousure theorem, weighted mean, arithmetic mean, linear combination for the class.
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1. Introduction, Definitions and Preliminaries

Let A, denote the class of all functions f (z) of the form

f(z):zMiasz*“ (pel ={123,.}) 1.1

which are analytic and p—valent in the open unit disk U={z:z el :|z|<1L}. Note that A, :=A the class of analytic functions
and let S,the subclass of A consisting of all univalent functions f inU. A function f € Ais said to be starlike of order

a(0<a<2)in U if it satisfies
gl XA,
f(z2)

This class is denoted by S™(a)and note thatS™(0)=S". The class S"(a)was introduced by Robertson. It is well-known
thatS"(a) =S cS.
Let P(z)and Q(z) be analytic in U. Then the function P(z)is said to subordinate to Q(z) in U written by
P(2)<Q(z)  (zel), (12)

if there exists a function w(z) which is analytic in U with w(0) =0and|w(z) |<1 (z € U), and such that
P(z) = Q(wW(2)) (z € U). From the definition of the subordinations, it is easy to show that the subordination (1.1) implies that

P0=Q@0) and P(U)cQ(). 1.3)
In particular, if Q(z) is univalentin U, then the subordination (1.1) is equivalent to the condition (1.2).
Introduced by the classes S”(«) and M (), we define a new class for certain p - valent functions.
Definition 1.1. Let « be the real number such that 0 <« <1. The function f e A belongs to the class S° () if f satisfies the
following inequality

Re(Zf (Z)]>a (zeU,pell). (1.4)
pf (2)
Definition 1.2. Let « be then real number such that 0 <« <1. The function f e A belongs to the class C°(«) if f satisfies the
following inequality
Re{i(Hw]} >a (zel). (1.5)
p f'(2)

Definition 1.3. Let « be the real number such that 0 <« <1. The function f e A belongs to the class M *(a, 1,4, A,B) if f
satisfies the following

zf'(2) 1

pf (2) - 1+ Az
#®f'(z) | 1+Bz
pf(2)

(1.6)
(p-a)u+at—-4
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for 0<a <1, 0<A<u<l -1<B<A<1
2. Coefficient Estimates of Basic Properties for M P (a, u, A, A, B)

Theorem 2.1. The function f(z) defined by (1.1) is in the class M P (a, i, 4, A, B) if and only if

i[n—[p((p—a)y+aﬂ)+(n+ P)A](A+D)+ B(n+2p)]an+p < p(A+D)[(p-a)u+Ala-D)]

n=1
Proof: Since f(z) e M *(a, i, A, A, B), it suffices to show that
zf'(2) 1
F(z) = pf (2) 0 1+ Az
(p—-a)u+at—A4 1+ Bz
pf(2)
F(Z) — L\N(Z)
1+ Bw(z)

F(2)[1+Bw(z)] =1+ Aw(z)
wW(z)[BF(z) — Al=1-F(z)
F(z)-1
o= 4 e
|w(z) [<1
F(z)-1
A—BF(2)
zf '(2) 1
pf (z)
(p—-)u+at-1

7t '(2) -1
pf(2)
zf’(z)_1
A pf (2)
(p-)u+atl-4

<1

zf'(2)
pf (2)
| #'@-pf@-pf@Up-a)u+all+izt'(R) | _,
|Apf D(p-x)u+al]l- ALzt '(z) — Bzf '(z) + Bpf (z)|

Now,
f(z):zp+iap+nz"*”
n=1
zf'(z) = pz° +§:(p+n)ap+nzp+n
n=1
f'(2) - pf (2) - pf (D)[(p— @)+ ad]+ Azf '(2)
= pz® +§:(p+n)ap+nz*Hn - p[zp +iap+nzp*”J
n=1 n=1
- p(zp +Zw:ap+nzp*”j[(p—a),u+a/1]+/1(pz” +Zx:(p+n)ap+nz‘””)
n=1 n=1
=2 [n=p((p-2)u+a2)+(n+p)Afa,., 2" —{pl(p—a)u+ai]-pi}z°
n=1
and

Apf (2)[(p—-a) i+ ar]l- ALzt '(z) — Bzf '(z) + Bpf (2)

= Ap(zp +iap+nzp*”j[(p—a)y+a/1]— Apz°® —Ai(p+n)ap+nzp+n
n=1 n=1

—Bp(pzp +i(p+n)ap+nz‘””j+ Bp[zp +iap+nz“*”j
n=1

n=1
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= i[A[p((p—a)u+aﬂ)+(n+ p)A]-B(n+2p) fa,, 2"
+A[P((p-a)u+al)-pAlz®

‘ i[n— p((p-a)u+ad)+(n+p)Ala,, ,2"" —[pl(p - @) +al]- pA]z°

n=1

<1.

Z[A[p((p—a)y+aﬂ,)+(n+ p)A]- B(n+2p)}an+pz”+p +A[p((p—a)u+ad)—pi]z’
n=1
Since Re(z) < z|.After choosing the values of z on real axis and letting z —1we get

> [n- p(p-ahu+a)+ (n+ P)2]a,,, ~ {Pl(p-a)u-+adl - pA)

< i[A[p((p—a)y+aﬂ)+(n+ p)A]-B(+2p) ay,,

+A[p((p-a)u+al)-pA]
after simplifying, we get

i[n—[p((p—a)y+aﬂ)+(n+ P)A](A+1)+B(n+2p) Ja,., < PA+D[(p— @)+ Ala—1)].

n=1

Corollary 2.2. The function f(z) defined by (1.1) is in the class M P («, i, 4, A, B) then
- P(A+D)[(p-a)u+ Al —1)]

-1 B = [n—[p((p—a)y+aﬂ,)+(n+ p)/l] (A+D+ B(n+2p)] (2.2)

and the inequality holds for
p(A+D)[(p—e)pu+Ala-1)] o
[n-[p((p-a)u+ad)+(n+ p)A](A+D)+B(+2p)|
Theorem 2.3. The function f(z) defined by (1.1) is in the class M P («, i, 4, A, B) then
P(A+D)[(p—a)u+ Al -1)]
[1-[p((p—a)u+ad)+ 1+ p)A](A+D)+B(l+2p)]
p(A+D)[(p— @)+ Aa-1)]
[1-[ p((p-a@)u+ad)+ @+ p)A](A+1)+B(l+2p)]

f(z)=z"+ (2.3)

| 2P |+]277] <[ (@]

24)

<)z -]z

Proof: From theorem 2.1 we have
P P(A+D[(p-a)u+ A -D)]
= [n=[p((p-@)u+ad)+(n+ p)A](A+1)+B(n+2p) |

f(z)=2"+>a,,z""
n=1

P(A+D)[(p-a)u+ Al -1)]

| (@[22 [+]z I[n_[p((p_a)ﬂ+a,1)+(n+ p)A](A+1)+B(n+2p)

and
p(A+D])[(p-a)u+A(a-D)]

f < py_ 1+p
| f(2)|<|2°|-|z |[n_[p((p—a)y+a/1)+(n+p)ﬂ(A+1)+B(”+2p)J

therefore
P | P(A+D)[(p-a)u+A(a-1)]
[1‘[ p((p—a)u+ad)+(1+p)A](A+1)+B(1+2 p)}
P(A+D)[(p-a)p+ Ala-1)]
[1-[p((p-)u+ak)+ @+ p)A|(A+D) +B@+2p) |

<[ (@]

|2° [+]2

(2.5)
<|zP|-|z"|
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Theorem 2.4. The function f(z) defined by (1.1) is in the class M P («, i, 4, A, B) then
L+ p)p(A+D)[(p-a)u+A(a-1)]
[1-[ p((p-a)u+ k) + @+ p)A](A+1)+ B(L+2p)]

| pz*7 | +]2" | < '@

2.6
o2 | 1+ P)P(A+D[(P- )+ Al -D)] 0
[1-[p((p—@)u+ad)+ @+ p)A](A+1)+ B+ 2p)]
Proof: From theorem 2.1 we have
P P(A+D[(P-a)u+ Aa-D)]
= [n=[p((p—@)u+ad)+(n+ p)A](A+1)+B(n+2p) |
f(z)=2° Jriampz“+p
Differentiatinné and simplifying we obtain:
f'(z) = pz"* +i(n+ p)a,, 2"
, 4 2 4 1+ p)p(A+D[(p-a)u+ Aa -1)]
| /@) [=] pzP~ [+12° | ) _lan,, 1] 2P [+(1+ p) | 2° |
le [n=[p((P-a)u+ar)+(n+p)A](A+1) +B(n+2p)
and
, 4 S 4 1+ p)p(A+D)[(p-a)u+A(a-D)]
f < p _ p < p p
| £'(2) <] pz°~ | -]z |HZ:l:|an+p |<| pz°~ [+1+ p) | z l[n—[p((p—a)y+a/1)+(n+ p)ﬂ(A+1)+B(n+2p)]
therefore
p1 b @+ p)p(A+D)[(p - @)+ Al )] e
Lk l[l—[p((p—a),u+aﬂ)+(1+ p)ﬂ](A+1)+B(1+2p)]_| @ o

@+ p)p(A+D[(p-a)u+ Ala -1)]
[1-[ p((p—@)u+ad)+ @+ p)A](A+1)+ B+ 2p)]

<|pz"*|-|z"|

3. Radii of Close-to-Convexity, Starlikeness and Convexity

Now we provide the radii of p - valently close-to-convexity, starlikeness and convexity for the class M * («, w1, A, A, B) .

Theorem 3.1. Let f eM P(«, 1,4, A/ B). Then f is p- valently close-to-convex of order 7 (0<#7 < p)in |z |< R, where
1
R —inf [1-[ p((p-a)u+ k) + @+ P)A](A+1) + B(1+2p)][ p_nj " -
ne P(A+D[(p-a)u+Ala—1)] n+p '
Proof: Given f e M P(a, 1,4, A,B)and f is close-to-convex of order 7, (0 <7 < p)we have

f'(z
zp(*l) —p[<p-7. (3.2)

For the left hand side of (3.2), we have

pz* 4+ (p+nja,,,z" " B
p“ n-1 E -p|<D (p+nja,,,z"
n=1

@)

o

The last expression is less than (p—7) if

Z(p+n)ap+nzn <p-n
n=1

which implies

i\ P—77
Using the fact that, f e M " («, 1, 4, A, B) if and only if
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[1-[ p((p-a)u+ad)+ @+ p)A|(A+D) + B(1+2p)]ﬁ
“hep =

21: P(A+D)[(p-a)u+Ala-1)]
we can say that (3.2) is true if

[wj ape [1-[ p((p—@)u+ad)+ @+ p)A](A+1)+B(L+2p)]
p-7n - P(A+D)[(p-a)u+A(a-1)]

=|z['<

[1-[ p((p-a)u+ad)+ @+ p)A](A+D)+ B(1+2p)]£ p_,]j
P(A+D)[(p-a)u+Ala-1)] p+n)’

The last inequality leads us immediately to the disc| z |< R, where R, is given by (3.1).

Theorem 3.2. Let f eM P(a, 1,4, A/B). Then f is p- valently starlike of order  (0<7 < p)in | z|<R,, where

R —inf [1‘[9((p—a)ﬂ+aﬁ)+(1+p)/l](A+1)+B(1+2p)][ o n ) " o9
2 = e P(A+D)[(p—a)p+ Ala—1)] n—p+7 :

Proof: Given f e M P(a, 1,4, A,B)and f is starlike of order 7, (0 <7 < p)we have

f'(z
%— p‘ <p-7. 3.4
For the left hand side of (3.4), we have
zP 3 na . z"" 3 na, z"P
|Zf,(Z) ‘ p +§(p+ ) p+n ; p+n
—_— = - - p S 0 .
1@ P+>a,,2"" 2P +>a, 2"
n=1 n=1
The last expression is less than (p—7) if
D na,,,z""
= <p-7

which implies

i(Wjapm lZ2'<1.
n=1 p_’]

Using the fact that, f € M "(«, 1, A, A B) if and only if
N [1‘[ p((p—a)u+ad)+(1+p)A](A+D)+ B(1+2p)]

)

= P(A+D[(p—a)u+Ala-1)] mee

we can say that (3.4) is true if
(n_ pﬂql e [1-[ p((p—@)u+ad)+ @+ p)A](A+1) +B(L+2p) ]
p-7 - P(A+D)[(p-a)u+A(a-1)]

L lape [1-[ p((p-a@)u+ad)+ @+ p)A](A+D)+ B(1+2p)]( b—n j

P(A+D[(p—a)u+ Al -1)] n—p+7y
The last inequality leads us immediately to the disc| z |< R,, where R, is given by (3.3).

Theorem 3.3. Let f eM P(a, 1,4, A,B). Then f is p-valently convex of order 7 (0<#7 < p)in | z|<R,, where

1

R3:in,gf{[l—[P((p—a)ﬂ+a/1)+(1+p)/i](A+1)+B(1+2p)]( o(p—1) j]}n -

P(A+D)[(p— )+ Al -1)] (n+p)(n—p+7)
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Proof: Given f e M P(«, 1,4, A,B)and f is convex of order n, (0<7 < p)we have

(1+Z:,’;((ZZ))J— p‘< p-n. (3.6)

For the left hand side of (3.6), we have

) in(n+ pa,.,z""
‘@+ﬂ(n]%‘ =
f'(2)

0

d.n(n+pa,,,z"
n=1

<

0

pz* 4+ (n+pla,,, 2"t p +i(n +pla,,,z"
n=1 n=1

The last expression is less than (p—r7) if

in(n +p)a,,,z"

n=1

p+>. (n+pa,,,z"
n=1

<p-7n

which implies
i((n"_ p)(n_ p+77)Jap+n IZ |n<l.
=) p(p—17)
Using the fact that, f e M P(«, i1, A, A, B) if and only if
= [1-[ p((p-a)pu+ad)+ @+ p)A](A+1) + B(L+2p) |

2.

- P(A+D)[(P— )+ Aa-1)] L

we can say that (3.4) is true if
{(m p)(n— p+,7)j 2pe [1-[ p((p-a)u+ad)+ @A+ p)A |(A+1) + B(L+2p) |
p(p-7) - P(A+D)[(p—a)u+A(a-1)]

L ape [1-[ p((p-a@)u+ad)+ @+ p)A](A+D)+ B(l+2p)][ o(p—7) j

P(A+D)[(p—a)u+ Al -1)] (n+p)(n-p+n)
The last inequality leads us immediately to the disc| z |< R,, where R, is given by (3.5).

4. Weighted Mean, Arithmetic Mean and Linear Combination

Recently, W.G. Asthan, H.D. Mustafa and E.K. Mouajeeb [1] proved Weighted Mean, Arithmetic Mean and linear Combination
of regular functions.

Definition 4.1. Let P,Q € D, (A, B) then the weighted mean W, of P and Q is defined as
Weq =%[(l— mP(z)+(@1+m)Q(z)],  (0<m<1). 4.2)
Definition 4.2. Let f;(z) =z° +Zan+py ;2"", (1=12,3,...,m) be the function in the class M " (a, i, 4, A, B) then the arithmetic
n=1
mean of f,, (j=12,3,...,m) is defined by

92) = > 1,(2) 2)

Definition 4.3. Let f,(z) =z° +Za z2"P, (j=12,3,...,m) be the function in the class M P (a, i, 4, A, B) then the linear
n=1

n+p, j
combination of f;, (j=1,2,3,...,m) is defined by
1 m
G(2)==>n;f,(2) (4.3)
m j:l

where inj =1.

=1
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Theorem 4.1. Let P,Q e M °(a, i1, 4, A, B). Then the weighted mean W,, of P and Q is also in the class M *(«, 11,4, A,B) .

Proof: By definition 4.1 we have

= %[(1—m)P(z)+(1+ mQ(2)],  (0<m<1)
=%{(1—m)(zp +iap+nzp+nJ+(l+m)(Zp +ibp+nzp+nj:|

_ 7 +z%[(1—m)ap+n +@+mb,., ]2
n=1
Since, Qe M P(a, i, A, A, B) so by theorem 2.1 we have

w[ ~[p((p-c)u+ad)+(n+ p)A](A+D) +B(n+2p) |a,., < p(A+D[(p- )+ Aa -1)]

n=1
and

0

Z[n—[p((p—a)y+a/l)+(n+ p)A](A+1)+B(n+2p) |b,., < p(A+D[(p— ) u+ Ala-1)]

0

z[n ~[p((p-a)u+ad)+(n+p)A|(A+1)+B(n+2 p)]%[(l— m)a,,, + 1+ mb,., |

n=1

:%(1—m)i[n—[p((p—a),u+aﬂ)+(n+ p)AJ(A+D)+B(+2p)]a,.,
+%(1+ MY [n=[ p((p-a)u+ad)+(n+p)A](A+D+B(m+2p) b,

< %(1— m) p(A+1)[(p —a)u+ A —1)] +%(l+ m) p(A+l)[(p —a)u+ A —1)]

= p(A+D)[(p— ) u+A(a-1)].
Therefore Wy, €M *(a, 11, 4, A, B).

Hence the proof of theorem is completed.

Theorem 4.2. Let h;(z) =z +Zan+p ;2" (j=12,3,...,m) be the function in the class M *(«, x4, 4, A, B) then the arithmetic

mean of h;, (j=12,3,...,m) is defined by g(z)=— Zh (z) is also in the class M P (a, i, A, A, B).

j =1

Proof: Since h;(z) =z +Za """, (j=1,2,3,...,m) . Therefore

n+pj

lm
9@ =2 @)

We have h,(z) =z +Za z"?, (j=1,2,3,...,m). So by theorem 2.1 we have

n+pj

0

Z[n—[p((p—a)y+a/i)+(n+ PA](A+D)+ B(n+2p)](%ian+p,jj

n=1 j=1

BIH

zm:(i[n—[p((p—a)y+a/1)+(n+ PA|(A+1)+ B(n+2p)}an+p’jj

j=1\n=1

<13 (p(A+D)[(p- @)+ Aa-1)))

j=1

BIH
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= p(A+1)[(p—a)y+ﬂ(a—1)].

Hence the proof of the theorem is completed.

Theorem 4.3. Let h,(z) =z +Za

""", (j=1,2,3,...,m) be the function in the class M P (&, 1, A, A, B) then the linear

n+pj

combination of h;, (j=12,3,...,m) is defined by G(z) :anhj(z) where an =1lisalso in the class M P («, i, 4, A, B).

Proof: Since h, (z) =z° +Za

We have h;(z) =z° +Za

i=1 i=1

2", (j=12,3,...,m). Therefore

hep |
G(2)= Zn (@)
n](z +Zan+pJ ”*pj
j
:Zp+i[i”ian+p,j}n+p
=

j=1

Ma:

Il
[EN

2", (j=12,3,...,m). So by theorem 2.1 we have

n+pj

i[ ~[p((p-a)u+ar)+(n+ p)ﬂ](A+1)+B(n+2p)][2njamp]J

n=1

:Zm:nj (i[n—[p((p—a)y+aﬂ)+(n+ p)/l](A+1)+B(n+2p)}an+p,j]

j=1 n=1

3

<> 0 (p(A+D[(p-a)u+ Ala-1)])

j=1

= p(A+D[(p-a)p+ Ala-D)].

where an =1, hence the proof of the theorem is completed.

j=1
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