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Abstract

Motivated by the works of M.K. Aouf and others, we in this paper introduce and study a generalized subclass of meromorphic p-
valent functions using a differential operator. We obtain interesting results such as coefficient estimates, growth and distortion
bounds and prove closure and integral transforms theorems and other related results.
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1. Introduction
Let U=={z € C: 0 < |z] < 1}. Let f(2) be analytic and meromorphic p-valent defined on U* of the form

1 o0
f(Z) = ; + ZQU-H»‘ zp+k
k=0 (ap+k3 0,p € N) (11)

*

We denote by 7, the class of all functions analytic and meromorphic p-valent of the form (1.1). In [4] M.K. Aouf introduced the

fEey |
DJ‘L

differential operator as follows: For a function 1 p,define the differential operator = A.p by
D0 f(z) = f(2),
A 2\
1 _ _ - 2 =0
Dipf(e) = (L=NJ() + Z2/'G) + 3
1 2 (p+ Mk )
= ; + Z( ) Ap ik Zp+k
k=0 p
=D,,f(2) (2> 0;p € N),
DA,p2 f(z) = DA,p (DA,pl f(2))
and
DY, f(2) = D, (D351 f(2)
_ A _ 2
= (1-X) (DY,Hf(2) + o’ (DY M F(2)) + -
(2>=0;n, p €N). 1.2)

By a simple computation, it is easy to verify:

oo
p+ Ak
W0 =5+ 3 (
- k=0

) Upik Pan (n € No=NU{0};p eN)
. (13)

ptk
) , interms of Hadamard product, (1.3) can be put in the form,
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D3, f(2) = (f % F)(2) = Z(“ ) i

k=0 p (1.4)

Making use of this operator Aouf defined a subclass of meromorphic multivalent functions with positive coefficients as in:

*

flz) e X

PN
Definition 1.1. A function belongs to the class F (o, £, y) if it 2 ,p satisfies the following inequality:
(DY f(2)) + p

(2y —1) 2% (DY, f(2)) + (2va —p)
(@(0<a<P)f (08 <1);3(3<7<1); A>0;peN,

<5

n € NO). Besides this, several authors have done extensive work on subclass of meromorphic multivalent functions. For a brief

survey one can refer to [6 9 10.15,16],
We in this paper, generalize Aouf’s work using the principle of subordination as given below:

f(z) € X
p *,N
Definition 1.2. A function is said to belong to the class P(A,B) 4, p if it satisfies the subordination
-1 1+ Az
o (DR, <
‘ I1+Bz  o<z<1, -1<A<B<1.

We observe the following

n=0, A=0, p=1, A:W,B:{Q'}f—]ﬁ,
*,0 0

() 3(4,B) = g;((p P @-1 ) = Fd ) = S )
the class introduced and studied by Cho et al. B,

For

() 2(4,8) = £ (557220 -1 ) = F(od )
P P
*,n *,n, the class introduced and studied by Aouf [4].

(i) ;(&1) = :z;m) = () €31 Rel=1(D}, ()} >
?kc,.gfa<p,peN,neslt\lozeU*}; .

) 3 (#521) = S@) = {f(2) € T Re(=2""1/(2)} > . 02
gﬂ<p,p€ N,z € U;};

() 2008 1) = Dod ) = {f) z
U, 0<a<p 08 <1, pGN,~€U*}.

Pz +p .
2PHLf(z) + 2a — p < Lze

In this paper coefficient problems, distortion bounds, radius of convexity, closure theorem and integral transforms are investigated
for the =,n class P(A,B). We also prove theorems involving convolution products.

AP

2. Main Results
* % N

Theorem 2.1. Let f(z) € . Then f € P (A,B) if and only if



International Journal of Multidisciplinary Education and Research

P Ap
> + AE\"
BEDS 0+ ) (p - ) apin < (A+ B,
k=0
forl< A < B<1, A>0,ne Ny, peN.
(2.1)

* N
Proof. Assume that f € P (A, B). Then Ap

> (p+ k) (25)" gy ot

DY (A B)F() +p | = ! <1
B (DR (A B A gy 52 (04 k) (252) ayzpt 4 Ap)
k=0

(z € U®). Applying the relation Rez < |z| V z, we have

S+ (2
k=0

(A+ B)p = 5. Blp+1) (P*/‘") i 22PH

T
t:\ : ) apsp 2P TR

Re <1 (z€U"%). (2.2)

Now choose the values of z on the real axis so that z°*}(D;," f(z))° is real.
Letting z . 1~ through positive values, from (2.2) we obtain

(B+1}Z- +k) (p“\k) tpik < (A+ B)p.
k=0 p

Conversely, assume that the inequality (2.1) holds.

This implies
oo Ak n .
Z p+ k) (p-l;) ) (1,.p+k22p+k
k=
+ AE\"
—|B(p— Z(IH- k) (p p ) a2 ) + Apl < 0
k=0
(2.3)
For |z| = r < 1 the left hand side of (2.3) is bounded above by
Ak
Z( + k) (p + ) ap+k 2}’)+k
k=0 o p /\k‘ n
p+ ) .
—B(p—) (p+k) (I P ) aprr ) — Ap < 0
k=0
o0 n
+ Ak
(B+1)) (p+k) (p ) aprk — (A+ B)p <0
k=0
Thus
DY) +p o
Bzpt (DY, f(2)) + Ap
*N
Hence f(z) € °(A,B). 1p
* *N

Corollary 2.2. The function f € Pis in P(A,B) if
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P Ap

(A+B)P

Aptie <

(B+1)(p+k) (%)

(-1 <A< B<1,A>0,peN nelNy)

This result is sharp for the function f(z) given by
1 (A+ B)p

zp+k

flz)=—+
D=2 (B+1)(p+k) (W‘*)

?

(-1 < A< B<1XA>0,peN, neNy)

Letting n = A = 0 in theorem we get,
*,1

S(E221) (0<a<p)
*, 0 Ap

CoroIIary 2.3. The function f € P(a,1,1) is in O,p if and only if

2 1
Z(p + k)ap+k < %
k=0

Note that whenp =1,
o0
X
(k + 1) ak+1S (1 - OC)
k=0 the conditions is meromorphic univalent function.

_ (p=27f
Corollary 2.4. Upon specialising P

k=0

Theorem 2.5. (Distortion theorem)

* % N

The function f € Pisin P(A,B) thenfor 0 < |z]=r<1
P Ap

= (27— this reduces to
+ Ak )
Z(;OJrk‘) (p 5 ) (14+2 78 Japr <2 v(p—a)

L _(4+B), 1 (A+B),
w (Bt+1) <@l < +(B+1) ’
B cions o G

The bounds in (2. 4) and 84 5) are)ln
+ B

Proof. By the theorem 1, we have
o0

p+ Ak
(B+IZGP+R<ZP+]¢ (p .
k=0 k=0

) (B+ 1)apir < (A+ B)p,
that is

the result obtained in Aouf .

(2.4) (2.5)

(2.6)
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00
A+ B
Zaerk <

k=0 B+1
< |zl =r < 1, _ (2.7)
Thus O
1« 1 = 1  A+B
_ p+k - P - P
F& < - +§am A Z:am S
(2-8), and
1 1 = 1 A+B_
- p+k P — N
If(z)] = - Zaﬁk r > il Zap+k = - B+17 .
(2.9)
The mequalltles (2.8) and (2.9) together yield (2.4) and it is follows theorem 1 that
A+ B)p
Z(p+k) Uptk = %
k=0 : (2.10)
Hence
o0
k-1
If'(z)] < 7[,+1 + ;Jp-l'k apsk 1T
b p—1 P (A+B)p
S ot g%@+k)@&kg ot (1D
and
p = k—1
: . k-
@I = w+&;%@+k)%ﬁ;w
p - p (A+B)p
_ 1 _ p—1
> g ;J(pﬂc) Gpik > o s 7 (212)

The inequalities (2.11) and (2.12) together yield (2.5).1t clear seen that the
function f(z) defined by (2.6) is extremal for theorem 2.

_ (p=27ya4 _ _
Corollary 2.6. Upon specialising” P , B=(2v ]-[jthis reduces to
1 — 1 —
1__a W) o, F(2)] < 2 yp—a) ,

o p(l+2 vy B ) w2 B )

p 2 ylp—a) 4 / P 2 ylp—a)
_ i/ < yy
T GraaB) " SOl oEtaraaay”
And ( )
2 v(p — « .
flz) = = : 2 (peN)
(2) 2 pl+2~y-8) the result obtained in Aouf 41,

Theorem 2.7. (Radius of convexity)

* % N

Assume that the function f € Pis in P (A, B), then f(z) is

P A, p meromorphically multivalent convex of order p (0 <p <p)in
0<|zI<r (4 p,n, A B)where

- o) (22) (B+1)] 7"
(A+B)3p+k—p)

r(A, p, n, A, B) = inf
k
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(k>0; p €N; n € Np). (2.13)
the result is sharp. Proof. It is enough to prove that

(zf'(2))" + pf'(2)
f'(2)

< p—p for 0 < |z| 7(\ p, n, A, B, p).

o0 o0
E (p + k)z a‘;r)+kzp+k_1 + LZ {p + k:)p a1)+k3p+k_l
=0 :=0

(zf'(2))" + pf'(2)
f'(z)

oC
St S k) ap
k=0
o0
Za'pﬁ-‘rk (p+k) (2})+k‘) P2tk
< =0 — ozl < r =1

p— Y (p+ k) appp rtk
k=0

ad o0
= Zap-wc (p+k) 2p+k) rPPth < )(p — Z p+ k) apog r2PH).
k=0 ot

> apii (p+k) Bp+k—p)
k=0

=7 < 1. (2.14)

By theorem (1) -
BT @+F) (25%)" aps
— <1
(A+B)p . (2.15)
A.t(' n
(Bp+k —p)r2th (B+1) (%)
(p — p) - (A+B)
n 1
< (W;’Ak) (B+H> - (k> 0;peN No). (2.16)
sy peEN; ne . :
TS T A BB+ k-p) =P e
The result (4.1) is sharp with extremal function f(z) given by (2.5).

_ (p—=2798 — _
Corollary 2.8. Upon specialising” P B =(2v ]@this reduces

to
1

p(p — o) (22) (142 78]
2 y(p—a)Bp+k-29)

r(\, p, n, aff , 4) =inf
k
, (k> 0; p € N; n € NO). the result

obtained in Aouf [,

Theorem 2.9. (Closure theorems)

L1 = 3 2.17)
And

fren(a) = & + ——GFBLD PP (k> 0 peN; ne Ny

p
(0 + k) (B25)" (B+1)
(2.18)

Then f(z) be in the class P(A,B) if and only if
Ap

o0 f(Z) =X ®p+kfp+k(2), (219)
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k=—1
Where
o0
Oprr = 0 and Z Opr = 1
k=—1 .
o0 o0
Proof. let f(z) = ® @psfp+(2) where®ps> 0 and P Opsr= 1. k=—1 k=—1
Then
(A+ B)p
Z Op+k fp+k + Zop+k SYANC zp+k‘
k=—1 k=0 (p+ k) (1 m ) (B+1)
Then
Z@ (A+ B)p (p+Fk) (p+’\k) (B+1)
p+k n :
ptAk A+ B)p
k=0 (P-I—k)( p ) (B+1) ( )
Zep+k =1- epf'l < 11
this imply that f(z) € P(A,B).
Ap
Conversely
*N

suppose f(z) € P(A,B) then

Ap
A+ B
aprr < ( )p (k> 0; peN; neNy
(p+ k) (p“k) (B+1)
Let
A+ B
@‘p+k: < ( ) Aptk (k = Os D E N; ne NU)
o+ (25%)" (B+1)
and
(e}
(—)pfl =1- Zep+k
k=0 ,
o0
this imply that f(z) = "@pufp+(z)
k=0
_ (p=2yaj _ _
Corollary 2.10. Upon specialising =~ — p , B = (2 1‘gthis reduces to
o0 oo
2) = ik fprr(2), wherepy >0 and > i =1
k=0 k=—1 the result obtained in Aouf 4,

Theorem 2.11. Let

k
filz) = 7 + E ap+k1 P (apqpy = 0)

p

fa(z) = — + Za k2 2Ptk (ap+ro2 = 0) EZ(A,B)

Then f(z) = (1 — v)f1(z) + vf2(z) (0<ov < 1) isalso in.
Proof. Assume that
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+ E ap«hﬁj 2P

*,1 is in the class”(A,B). It is enough to prove that

ijZ—

oD (ap+k'.j 2 01 .]: 1~2)

Ap *,N
q(2) = (1 — v)fa(z) + vf2(2) (0 <v < 1) and q(z) € P(A,B).
Lp
1 (e ]
q(z) = > Z (1 —v)aprk1 + Vaptr2] S 0<v< )
k=i

By the theorem 1, we have

+ Ak
Z(] + k) (p ) (B + 1) [{1 U)ap+:’<:,l + 'Uap+k:,2]
k=0 p
<(1-v)(A+B)p + v(A+ B)p,
= (A+ B)p,
*,1 this imply that q(z) € P(A,B).
Ap
A = 7(1)7%:“'(1 s B = (2"}’ — ]ﬂ
Corollary 2.12. Upon specialising 1

the result 4,p obtained in Aouf [4],

Theorem 2.13. (integral transforms)
If

1
hevp—1(2) = ¢ / v f(w2)dv 0 < e < oo
0

0

is in the class F (u,1,1),
0,p

0 < < pwhere

p[2p+c)(B+1)— (A+ B)c|
= u(p, A, B, c) =
w=np, A B c) 2p+o)(B+1)
Proof. .
Let f(z =Z—p+2a+kz”+ EZAB
Then

1
h,Cer_l(z):(:f veTP1 f(v2)dw.
0

1
c petr-l (vz) = + T ——
fo I Z etk 2p + k i . ,

. * hesp—1(2) are in class "(p)

o0
(k+p)c
Z Uptk < P—
= 2p+ k +
= (k +p)

this reduces to h(z) = (1-t)fi(z) + th(z) 0 <t <1 € "(A,B)

(2.20)

(2.21)

0 < < p by corollary-2

(2.22)

11
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- Ak
(B+1)>.(p+k) (‘H ) Uyt ke
k=0

(A+ B)p (AS 1,) P (2.23)
+ B +p)c
—p <
H=P = (p+ k) (p+)\k) (B+1)(2p+k+()

pp+ k) (Z2) B+ 1)@+ k+ ) — (A+ B)p(k +p)e

(p+ k) (E25)" (B+1)2p+k+0)

po< (2.24)

Putk =0 in (2.24) we get

p(2p+c)(B+1) — (A+ B)pe
- (2p+c)(B+1)

_ (p=2vod _
Corollary 2.14. Upon specialisingA o P B =(

- L p2pt)(1+2 4B ) -2
9—9(P~05 1’7&6)_ (2p+(’)(1+}12 v B

2y - Jﬁthis reduces to
V(p — e
)

the result obtained in Aouf 1.

Theorem 2.15. (Convolution properties)
fl(z) = ZLP + Za;n—kk.lzwrk (af]r)—l—k:,l > O)
k

o0

Ifand
=0

oo
fo(z) = & + Y aprath
k=0
*.1 * N

(ap+k1> 0) are in P(A,B) then A,p

(f1 = f2)(2) is also in P(y,4,B). The result is sharp for the functions
Aop
fi(2) (=1,2) given by
1 (B+ A) )
filz2) == + 57 # (=12 peN
! @ (B+1) (2.25)

Proof. By schild and silverman 2., It is enough to prove theorem 7,we can find the  such that
o0 . n
S +0) (B55)" (B+ Dapriaaps

<
Apt+aB 1 B(p -
2 (,27) (5 + (A(pW) (p—)

kZU(k +p) (%) ’ (B + 1)Gp+k:,1ﬂ;n+k.2(p - Of)
= < 1

(A+ B)p(p — ) -

for fi(z) €Y (¥, A,B)(j = 1,2).
k=0

(2.26)
*,N
we know that fj(z) € P(A,B) (j = 1,2)
Ap -
> (k+p) (B24) (B+1)
=0 < 1(i=12
(A+B)p Ok < 1 ) 2.27)

12
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By the cauchy schwarz inequality, we obtain

&)

> (k+p) (252)" (B+1) S (k+p) (224)" (B +1)?

(A+B)p i1+ A+ B)p Op+h2

(k + p) (%)” (B+1)
< VOptk10prk2 < L.
(A+B)p p+k,1%p+k,

Aptk,1 ap+k,2(p - Of)

< VapikaOpike (E>0;5peN)

P (2.28) (2.29)
(or)equivalently
p—1
ke < k>0
Vi < O — (k=0 (2:30)

By the inequality (2.28) it is enough to prove that

(A+ B)p

(p+k) (255) (B +1)

 Aptk,10ptk,2 <

b < po (A+ B)p(p — ) (k> 0)

(p+k) (%)ﬂ (B+1)

(k) = p— — == — (k> 0)
Defining the function (I’H)(T) (B+1) . Now check that {(k) is an increasing function of k.
, (A4 B)(P — «)
af < 0 — 7 —
v < ((0)=p Bal
_ (p=27a8 _ _
Corollary 2.16. Upon specialising A= P B=O -1 this reduces to

1 2yp-—a) , .
fiz) == + ——5——F—%" (1=12peN)
! 2P p(1+2 vH8 ) the result obtained in Aouf 4.

o0
) fi(z) = % + Eaerk:,l A
Theorem 2.17. Let the function k=0

00 *,1
fa(z) = % + Yapro 2P (appre =0) € Y (A, B)
(ap+k,1>0)and k=0 Ap .
%N

Then (f, * f,)(z) in P(¥,A,B)where

Ap
2(A1 + B)(Az + B)
B+1

U =p-—

The result is sharp in the function fj(z) (j = 1,2) given by

13
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1 (Al -I-B}

fi(z) = 7 + Bl (PGN)_
)= + P (Pem

Theorem 2.18. If

*,70

1
filz)=— + Zapﬂ 1 2PHF mz (A, B)

2P
k=0
and
1 o0
fa(z) = i Zap+k,22p+k
k=0
*,N
with [apek2| < 1; k =0,1,2,...,p € N, then(fy * f2)(z) € P(A,B).
Ap
Proof.
ptAk ptAk
o (p+ k) (224)" (B +1) = (p+ k) (224)" (B+1)
Ak o| = k1 < 1
(A+B)p |a;)+k.,lap+k,2| Z (A+ B)p Ap+k,1 =
k=0 k=0
Theorem 1 imply that
* N
(f1* f2)(2) € *(A,B).
Ap
Corollary 2.19. If
1 *,1
filz) = i Zaﬁklz” mz (A, B)
k=0
and
1
fa(z) = 7 T Zaﬁk,gzl”k (0<apyre <1; k=0,1,2,....,p eN)
*,1
then(f * f2)(z) € P(A,B).
Ap
Theorem 2.20. Let the functlons
filz) = ; + Za 1 2P
and
fa(2) —5 + Zap+k2
k=0
x,n is in the class P(A,B) and
k=0
p(B+1)—2(A+B)p=>0. (2.31)
Then the function q(z) defined by
1 oo
= + Z apipy T ap-Hr z)""ﬁk
k=0 (2.32)
* N
be in the class P(A,B).
Ap
*,N

14
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Proof. Given that f;(z) € P(A,B) we have
Ap

p-l-k)( ”‘) (B +1)

ivgl]

Aptk1 S 1

P (A+B)p
and so
2
i (p+k) ("*"k) (B+|
: Qi kel <1
k=0 (A + B)p
*,1
similarly,f(z) € P(A,B) we have
Ap
42
= [@+k) (22) (B+1)
> e Uiy <1
k=0 L ( T )p ]
Hence
- YA n -2
o [p+0) (P25 B+1)] .
Z (/1+B)p ((I'p+k‘2 + ap+k,l) <1
k=0
By theorem 1, |t is show that
o [+k) (22) (B+D] ,
(A+B)p (ap+k.2 + ap+k,l} <1
k=0 i . (2.33)
Hence the inequality (2.33) will be satisfied if, for k=1, 2,..
i
p+k) (25 (B+1) g [e+k) (”“") B+1)]
(A+ B)p ) (A+ B)p 2
(or) if '
p+ Ak\"
(p+ k) (“’*p ) (B+1)—2(A+B)p> 0, for k=1,2,... (2.35)
the inequality (2.35) is a increasing function
of k, thus the inequality (2.35) is satisfied for all k, if p(B + 1) —2(A + B)p > 0.
_ (p—2v9§ _ _
Corollary 2.21. Upon spe%Lalising o p » B = (Zy ]’athis reduces to

1 2 2 -tk
h(z) = p + E (apry + a’p+k.2)zp+
k=0 the result obtained in Aouf 1. Theorem 2.22. Let the functions

1 > ,
fiz) = = + Zaerk.lszrk
k=0
and
fa(2) Zg + Z@pﬂz
k=0 .1 is in the classP(A,B). Then the function g(z)defined as (2.32) be in the

15
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Ap
*,N
class P(n,4,B) where
Ak
2(A+ B)(p —
yy 2AE B —a)
(B+1) . (2.36)
iy 1 (B+—1)
This result is sharp for the functlonsf )=z + + (B+1) (j 1,2;p eN).
Proof.
prAE\" 2 p+Xk 2
i[(-pm(T) By, [&ep () @y _,
- A = Uptk,j =
= (A+ B)pP? S e (A+DB)p P
(j=1,2). (2.37)
*,Nn
The function/i (%) in22(A, B)  (j = 1,2) we have
Ap
Y n 2
fﬂ@+m(%7)(3+n} 2 ,
2 (a'p+k-,1 + a-p+!.-.2) <1
= 2(B+1) .
Thus, to find the # suchthat
2(A+ B)p
n<p- A BB
p+k (P ) B+1
(b + k) (B+1) 23

To defining a function

F(k) = p— ( HB)f(‘”_”) (k> 0)

2/
(p+h) (2222 )" (B+1)

Thus F(k) is an increasing function of k

n < F(0) =

2(A+ B)P(P -«

P(B+1)
_ (p—2vad o ~
Corollary 2.23. Upon spe_cialisingA o p B=2r-9 this reduces to
A — 2
g /(p )
p(L+2 75 the result obtained in Aouf .
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