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Abstract

The binary quadratic equation represented by the positive pellian y? = 10x? + 24 is analysed for its distinct integer solutions. A few
interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained
solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle.
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Introduction

2 2
The binary quadratic equation of the form y =Dx +1 Where D is non-square positive integer has been studied by various
mathematics for its non-trivial integral solutions when D takes different integral value [1-4].For an extensive review of various

2
problems, one may refer [5-20]. In this communication, yet another interesting hyperbola given by y =10x +24 is considered and
infinity many integer solutions are obtained. A few interesting properties among the solutions are presented.

Method of Analysis
The positive pell equation representing hyperbola under consideration is,

2 2
y =10x +24 (1)
The smallest positive integer solutions of (1) is x, =2,y, =8

The general solutions (x, .y,) of (1) is given by

Yn =" fhxn = 9n )
2 210

~ @9+ 6v10)™ 4 (o 6v10)™
— @9+ 6v10)™ — (19— 6v10)"t

The recurrence relation satisfied by the solutions (2) are given by

Where,

Xp43 ~38Xpp +Xpyy =0

Yn+3 ~38Yng2 t Vg1 =0
Some numerical examples of x & y satisfying (1) are given in the table below

Table 1: Examples

N Xn yn

0 2 8

1 86 272

2 3266 10328

3 124022 392192
4 4709570 14892968

From the above table, we observe some interesting relation among the solutions which are presented below:

i) Xn & yn values are even.
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ii) Each of the following expression is a nasty numbers

[2X5n,3 — 68Xy, 5 +36]
3

[2Xop, 4 — 2582X5,, o +1368]
114

[4Y51, 3 — 430X, 5 + 228]
19

[136Y5,, 5 —10X5p, 3 + 228]

19

[136Y,,,, 5 — 430X, 5 +12]
[136X5, 4 — 5164%5 5 + 72]

6
[16330%,,,, 3 — 136y, 4 + 228]
19
[5164y,. ., —10x,.,, + 8652]
721
[43Yoni2 — Yonyz + 721
6
[1633Y5,2 — Yon4q + 2736]
228
[16330y,, 5 — 430y, , 4 + 720]
60
[4Y5,4 —16330%, , 5 +8652]
721
[5164y,,,, 3 — 430Xo,, 4 + 228]
19

[5164y,,, 4 —16330y, ., 4 +12]

iii) Each of the following expression is a cubical integer

3(X:-3n+4 —34X3n43 )+ 9(Xn+2 - 34Xn+1)
116964(x5,, & —1291x5, 5 )+ 350892(x,, 5 —1291x ;)

12996(4y5,, 4 — 430%g,, 3 )+ 38988(4y,,, » — 430x,)
36(136y5,,, 4 — 430%3,,, 4 )+108(136y,,, » —430x,,, 5 )

12996(136ys,, 5 — 104, 4 )+ 38988(136y, 1 —10x ., )
6(5164x5,,, 4, —136x5,,, 5 )+18(5164x,, » —136x,,,3)

12996(136ys,, s —16330x5,, 4 )+ 38988(136y,,, 5 —16330x,, )
18714276(5164y5,, 5 —10%5,, ¢ )+ 56142828(5164y,, ., —10x,,,3)
6(43 Y3n+3 7 Y3n+4 ) + 18(433’n+1 B yn+2)

1871424(1633y4,,, 5 — Va1, 5 )+ 5614272(16y, 1 — V,1,3)
129600(16330y,,, 4, — 430y, 5 )+ 388800(16330y,,, 5 — 430y, 3)
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18714276(4y,, , & —16330x5,, 5 )+ 56142828(4y, 5 —16330x,,,, )
12996(5164ys,,, 4 — 4304, , & )+ 38988(5164y, , 5 — 430x,,,3)
36(5164y5,,, 5 —16330x5,,, 5 )+108(5164yp, 5 —16330%, )

iv) Relations among the solutions

36xn+3 = 1368xn+2 — 36xn+1

36Ynq =6Xn o —114X, 4

36Ynhyo =114Xq, 5 —6Xh g

1368yn+1 = 6er_3 — 4326xn+1
1368y, 5 =114x . 3 —114x 4
1368y,,,3 = 4326X,,3 —6X,1
4326y.1 = 6xn+3 +13680x%,,,1
114Xn+3 = 36 Yasl + 4326xn_|_2

114Yn1q =6Ynyp — 360X, 4

114Yn o =6Yp[q +360%,, 5
114y,,3 =114y 4 + 13680x%,, >

6X,,q = 9501x —1584y .5

N+ n+2

6Xn43 =36V o +114X,, 5
6Yn =114y, o — 360X, 5
6yn_|_3 = 114yn+2 —+ 36Oxn_|_2

36Ynh 3 =114X,, 3 — 6%, 5
4326ym_2 =114y,.4 + 360xn+3

4326y, , 5 =6y, ,1 +13680x,, 3
3240x ., 5 =1026y,,, > —54Y, 1
3240x,,, 3 = 38934y, 5 —1026y 4
3240x,, 1 = 54y, —1026y, .4
3240y, 53 =123120y, , , — 3240y, 1
4678560, , 3 = 2052y, 1 +1479492y o
4678560x,, 1 = 2052y, 5 —1479492y 4
4678560x,, 5 = 38988y, , 5 — 38988y, .,
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. 4678560yn+2 = 12312Oyn+1 + 123120yn+3
= 360x,,3=114y,,3 -6y, »
- 360y, =13680y,,, — 360y, 4

Remarkable Observation
i) Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of hyperbolas
which are presented in the Table 2 below.

Table 2: Hyperbolas

S. No. (Xn, Yn) Hyperbola
L (43X, — X, X, —34X ) 648Y 2 —405X 2 = 209952
2. (1633X.., — X5y X .5 —1291X_ ;) 8YZ —5X* =3742848
3. (136X, — V,.044Y,,, —430X. ;) YZ-10X? =51984
" (136x, ., — 43y, .,,136y. , —430x .,) Y2 _-10X? =114
5. (4x., —43y. 136y, —10x ) Y’ -10X? =51984
6. (1633x, ,, — 43, 5, 136X, —516X ) Y2 _10X2 =5184
7. (5164x_ ., —43y, ., 136y, , —16330x..,) 114y? —10X? =51984
8. (4x,,, —1633y,,,,5164y . 10X ,) Y? - X?=17304
0. (Y,.,—34y .43y . —V..,) 810Y > —1296 X 2 = 4199040
10. (Y., —1291y . 1633y . — V. .) 11696400, —18714240X 2 = 4 x 3420° x 1368°
1 | (5164y, ., —136y, 16330y, ,, —430y. ) Y2 10X 2 =518400
12, (5164x_, — Y. .5,16330x, —4Y. ) Y? —10X? = 74857104
.| (136x ,,—1633y 5164y, ., —430x ;) Y? -10X? =51984
14. | (5164x. ., —1633y, ,,16330x . —5164y. ) YZ-10X? =114

ii) Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas
which are presented in the table 3 below:

Table 3: Parabolas

S. No) (Xn, Yn) Parabolas
1 (43X, — X )Xo — 34X, ) 114Y, —10X? = 2592
2 (1633X ;= X, .3, Xor.s —1291X,, ) 2736Y, +5X 2 = 3742848
3 (136X, — V.. 4Yons — 430X, ,) 57Y, —5X?* = 25878
4| (136x,,, —43y,.,.136Y,. ., —430Y, .,) 3Y, —5X2 =68
5 (4x,,, —43y,.,136y,, ., —10y, ) 114Y, —10X ? = 25992
6. | (1633x.,, —43X,,,,136X,.., —5164X,, ,) 18Y, —5X 2 = 2592
7. | (5164x ., — 43y, .,,16330X,,., —136Y,..,) 114Y, —10X ? = 25992
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8 (4x. ., 1633y, 5164y, , —10x, ,) 4326Y, —10X ? = 37428552

9. (Yni2 =34Y30..43Y 50 = Yonia) 225Y, —10X; =16200

10. (Y., —1291y. ,1633Y, ., = Yor.s) 11696400Y, —13680X ? = 5472 x 3420°
1. | (5164y ., -136y. ,,16330y,, ,—430y, ) 36Y, —10X > = 25920

12, (5164X..., = Y..5:4Ypn.s —16330X,,.,) 4326Y. —10X 2 = 37428552

13| (136x,,-1633y .,5164y, . —430x, ,) 114Y, —10X 2 = 25992

14. | (5164x ., -1633y ,16330x,, ,—5164y, ,) BY —10X? =72

i) Consider, M=Xq.1+Yp,1:N=X,,q.0bserve that M>MN>0. Treat mn as the generators of the Pythagorean triangle
T(a, B,y), Where

og:2mn,,[3:m2—n2,y:m2+n2
Then the following interesting relation are observed.
A a—5p+4y =-24
2A

b)— =x_..y
p n+1/n+1

20A
c)y—ba+——=24
P

Conclusion
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation

2 2
y =10x +24. As the binary quadratic Diphontine equation are rich in variety, one may search for the other choices of positive pell
equations and determine their integer solutions along with suitable properties.
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